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SUMMARY .

We study the coherence effects on the total pair
production cross section in crystals at high energy. The-
ge effects are dependent on the photon polarization, and
can be used for the production and the analysis of linear
1y polarized gamma ray beams.

1. INTRODUCTION.

The possibility of coherence effects in electro-
~dynamic processes (bremsstrahlung and pair production) on
crystals at high energy has been known for a long time(1);
extensive theoretical work in this subject is due to ﬁbe-

ra11(2) | The predicted effects were found(3-4) and there is
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now an excellent agreemert between theory and expefimeﬁt.

In this paper we report some work done by us on the inter

ference effects observable in the total™ cross section for
pair production on crystals, and its dependence on the Po

larization of the incoming gamma rays.

At high energy the total cross section for pair
production is essentially equal to the cross eection for
photon absorption; the fact that this cross section is
found ih a crystal to depend on the photon linear polari-
zation opens new possibilities <for the production and a-
nalysis of linearly polarized gamma rays.(5)

The dependence on the polariiation of the absorg

tion cross section can be at most of the form(6).
- /= s -y 2
1) S(E) =@ +B(& &)

where~?lis & unit vector in a direction orthogonal to the
momentum of the photons and 3? the polarization wvector.
In a crystal the direction ¥>is related to the orientation
of the lattice. |

Photons which are polarlzed along t are absorbed
with a mean free path (¢f+u3 ) 1, while those polarlzed or
thogonal to +© have & mean free path <L -

In p3351ng through a th1§§¥%§i two polarizetion
components will suffer different attenuation and the sur~
viving beam will be partially linearly polarized; The po-
larization will increase with the lenght traversed, and
tend to 1 for infinité thickness (the intensity will in
the meantime tend to zers),

Let's call éfi'and Zfﬂ'the cross sections for

the two polarizazion states and introduce a parameter BE;
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If the beam (originally unpolarized) passes

through a crystal of thickness x the resulting polariza-
tion will be(5) '

3) Px) = Lif;.\-,m’a’i/g{ X{”é*‘_ s ’*’27

The attenuation of the beam intensity will De
. . 7
: -f
4) //x)/ 7/5) = >/~¢.. myfé CA )7// /"r’*'))

If the beam had a linear polarization'az making an angle

i with T , the attenuation will depend on 4
5) [Ty < [H0/76)] (14/F) 20 6o 2y)
T« - 29

It is therefore possible to derive'anfrom a measurement of
the attenuation at different values of %ﬁ .

The effectiveness of a crystal as a polarizer de
pends on the value obtainable for P(X)vWith acceptable in-
tensity losses and reasonable phJSlcal dimensions of the
crystal.

This can be judged from the value of E as shown
in fig. I in which we plot I(x)/I(0) as a function of
P(x) for different values of E (eq. 4).

If one puts a limi’ on the acceptable intensity
loss: I(x)/I(0) = 0.01, a reasonable polarization, P - 20%
can be obtained if E v 0.05 or greater,

In the use ag an analizer smaller values of P
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(say P,n,5%) are already useful, and ean be realized for
E ~ 0,01, |

It is possible to cross calibrate pairs of equal
cry stals using the first as a polarizer; -th¢ §68ope as an
analizer,

This is a unique feature in this energy range and
allowé a direct measurement of the polarizing power P(x).

In the following sections we give the details of
the computations and the numerical results»obtained in
the case of crystals of silicon (at room temperature) and
copper (at liquid nitrogen temperature, 77 °K). Both this
crystals can probably be obtained in 1arge sizes, It is
found that the values of E 1ncrea§2d¥%e photon energy,
@, and are larger for Cu than for Sj.

Our results'show that these crystals can be used
as analizers (E ~ 0.01) for @« = 1 @eV and as polarigers
(E = 0.05) for wRg gev.

In section 2 we give the general formulas for the
evaluation of total pair production in erystals.,

In section 3 we give the numerical results obtai-

ned for the said crystals and discuss themnm,

‘2. GENERAL TREATMENT.

In this section we evaluate the total cross section
for pair production on a crystal in the first Born appro-
Xximation,

The tecniques used are essentially those given in
the papers by Uberall<2) in which more detalls and justi~-
fications can be found. ' o
We consider 2 cubic lattice, where a is the latti-

ce constant, in a reference system where the three axis,
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X, ¥y 2 coincide with the main axis of the crystal.

The differential cross section for pair production
-on an external electrostatic field is, in the first Born
approximation, proportional to the square of the Fourier
transform of the potential: |
7 '*»
6) ViG] =l27) /‘, ) e 7"
where Ef is the momentum transfer to the target. If we
neglect for the momeant the thermal and zero point motion
of the nucleil, the crysital is a periodic structure, so
that the Fourier transform yf?f} is different from ze~
ro only if the momentum transfer q coincides with one of
the points of the reciprocal lattice.

One can write:
N ) e SENE 07

The sum is over the points of the reciprocal lattice, E?
V;féi) is the Pourier transform of the'Coulomb potential
of a single nucleus, D(z ) gives the "stvenght" of the
point g.
Note that iﬁﬂgig?z is proportional to the number
of atoms in the crystal.
(6) igumiza ve

sufficent to take N equal to the number of atoms per u-

To get cross sections per unit volume

nit volume.,

If the real letbice is simple. cubic, the recipro-~
cal lattice is also simple cubic with lattice constant e~
qual to 27/# , with D(Z) = 1. Fach point of the recipro

cal lattice is denoted by +%iree entire numbers:

g = (1,m,n).
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The reciprocal lattice for more complex cubic strug
tures like the face centered (FCC) or the diamond latti-

ce, can gl so be considered as simple cubic, the only dif-

ference being in D (), which is derived for these latti

ces in appendix II.
Using (7) we find the total cross section (per u-
nit volume) for pair production on a crystal by a photon

of momentum k and polarization.éaﬂgivéﬁ by

- - /2/// ‘(}(\(,_, 7)
8) Z(K€ @/q)/ /.,;, -
€2
Where 3_§. is the cross section for pair pro-

duction on a single nucleus, differential in respeé% to
the momentum transfer ai

The asterisk on the summation symbol reminds that
this summation is extended only over those points in the
reciprocal lattice which correspond to kinematically pos-
sible values of the momentum transfer. This simple treat
ment is incomplete because we have-neglected the thermal
and zero point motions of the nuclei due to which the cry
stal is not a true periodical static structure.'

As shown by ﬁberall this fact can be taken into ac
count with good approximation by introducing in (8) a fagc
tor exp 21/47i7 , where A is connected with the mean
square value of the distance of the nuclei from theirle-
qilibrium positions, and adding an “incoherent contribu-~
tion obtained by integrating the differential Bethe Hei-
tler cross-section with a factor ( 7- €2 f:f?f2:7 ).

We write therefore:

- >

9) SCE) = Z,(€,£)~Z,(€)
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&

-3 _'f ,"‘ ‘77" (/:/*i ) 7
10)  Sp( ) -="( /]f"ﬁ/# a "33, _/;;;

1) /'(”/ /1/1’7// ,5,73[ 4/_/) 05‘/4’& Z)

— - —y
Note that <7 does not depend on & , since the right
hand side side can depend only on % ana € , and £ & =0,

We can therefore‘ substitute the di'fferential cross

section for unpolarized photons under the integfal:

I, 7
11 Z(F) = /Vn” (//ex;/.:[tf/ //*';T;LZ‘

Let us consider eq, 10): the kinematically allowed

- . ] ) . —
values of q are contained in a sphere with center in g=k

. i/ . R .. . . . .
and radiug equal to //?/‘“4#:2@. . The minimgn'alilowed
value is: , ’ P

. : _— » - I€
) < IR YR
- :
where & = /«/ is the photon energy.
The differential cross section (for unpolarlzed
g8k 4 (7)
photons) j’:_"j““’“"’ decreases rapidly when q", the

component of q along i?, increases:; the main contributions
to the sum come from the region o < "< 4d .

The main limitation on the Vaiues of the component
of _éf orthogonal %o ? comes from the exponential factor
e~ 9"

; since for all the crystals we consider A~ 200 mg2

this factor cuts off values of ¢ R 0.1 mg.
In this way the relevant values of g are restricted

to a disk shaped region (pancake) dispaced by.;ffrom the
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origin, | orthogonal $o K, of thickness n 3d and redius -
~ Ol mg.

Suppose that the gamma rays"hit the crystal
in such a way that ¥ lies in the (010) plane making a small
angle oA , with the (100) axis,: figure 2 gives an i-
dea of the posifion of the pancake in respect to the re-
ciprocal lattice points<8). The scale is appropriate for
a cfystal of silicon at «w = 1 GeV.

When we increase ® new rows of the recipro
cal lattice are included in the pancake and the interfe-
rence contrlbutlon is modified,

Already at this energy the main contribution
comes  from the first lattice plane (ag = 0, 1 = 0).

According td eq. 1 a polar plot of the cross
section - (a'z?, € on the plane orthogonal to k is an
ellipse where depending on the sign‘of B, T is in the di
rection of the minor or the major axis.

Since the (010) plane (qy = 0, m=0) is a sym
metry plane in the situation of fig. 2, one of the axis
of the ellipse must be in this plane, and we can select f
to coincide with its direction. :

| In order to evaluate the‘polarizing power

(eas (2) to (5) ) we need the difference of the cross sec

3 :
tions for F3 = ;’ (unit vector along the y. axis,
s
orthogonal to ) and E? = /’ -y and. . their ave-

rage,

The latter is obtained by introducing the average
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differential cross section in egs 9 and 10

ay
13) 2
R
Where Z-{%) is given in eq(II') and
- [(711 J{\ ("‘(l )
§4) (<) = ":;‘/Vg f(;j}w;g/‘fi/«'/] 7
7
the difference is: ‘ ‘
. ‘ . . - )
3 . -, ~ ., T ’,4--/}"; O{j-h {;?g") ljé\'af"r{‘j -.;,.3,?‘}/
A .....ﬁ_.) 2’::# f.}%ff - -“-'%' /)= ,\,‘:‘;ﬁ, - ————
“d., a’ N = 5(;”» dlbi/ }4{//:/2/ v:)’;;? ﬂ’ﬁ
el WS- 1 s
Y7 97 ¢ can be of the form

15)
The dependence of :‘9@’*’(’4‘?5;?‘)/0?7 o

(since K € = 0)
Q‘)f)\o /‘"’3‘ = %
16) 7S T LM (K7
7
« i
where L and M are scalar functions of k, q
\':)ﬁ"' ((';J;;‘: ;’}f» J"S‘:“ \>‘:}‘?‘,} - ™
17) TR s S s P F) - (E5) )
S & g
= Mﬂc, ’)/"“/ o j&
where /“ “/ is the component of g orthogonal to k_ and
fSL is the angle between g and t We can therefore write:
| : ik
si.s% - - mif;!—,y:.:"‘“a// }ﬂzs/s/ "4/""/ M( //m z&
. [ g{
;s | . :v)"
and M/ %,4/ are given in

151)

» 3

The formulas for ,}A\/]’
the appendix I (egs (A1) and (42) )
The polarizing effect of the crystal can now be un

derstood in the following ways:
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when & is small, the points E’of the reciprocal lattice

which contribute to the sum in eq., (15') are clustered a-

: 26 —
round the axis, so that the dependence of g3F on &
/

causes a finite value of £ -x%,
For FCC and diamond lattices better results are ob
tained when the-E'is>nearly orthogonal to the (104) plas~
ne as shown in fig. 3 because this plane has an higher
concentration of points with Jéf’)%o .
One can use the same equation given here, choosing
7
{vg

3. RESULTS AND DISCUSSION.

We have done numerical evaluations of.the parameter
E at different energies and angles. We have studied in de-
tail the energy regions around 1 GeV, relevant for the e-
Xisting synchrotrons and linear accelerators, around 6 GeV,
relevant for the new synchrotrons at Desy and CEA, and
around 40 GeV which could be reached by the futurt Stanford
linear acclerator .,

The following choice parameter was done:

Cu 770 X Si 300 K
935 4 m3" | 1400 n71
b 1360 m_2 2112 0372 Table I
-2 ‘ -2
166 mg 282 my
The shielding form factor F(g<) was taken in the
form
o
17) F) = i

with b given in table I,
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We have evaluated first the thermal contributsion
(eq 11'). Integration over the angles doesg not involve
the exponential factor, and was evaluated by Jost and-
al.(7), the integral in eq. 11') can be therefore reduced
to the form: ;M#!widf

Srlk) =N/ (r-¢

L’"”f AR"% Preaks) ol 4
Ut = fgir) £ '

¥

18)
The symbols are defined in (7), see formulas (37) (39).

This integral was evaluated numerically for the two cry-
stals and per different energies: the results, shown in

- fig. 4, are of the same order of magnitude of the Bethe=-
Heitler cross section,

We have then evaluated the interference contribu-—~
tions (eqs. 14 and 15), This was also done numerically.
The sum was extended only over the points which give im-
portant contributions., The program for the electronic com
puter had adjustable parameters wich fixed the number of
planes in the reciprocal lattice (see fig. 2), which we-
re considered, the number of rows in each plane and the
number of points in each row.

At high energy ( Z 6 GeV) the first plane (41 = 0)
was sufficlent, while at 1 GeV the second plane (1 = 1)

' gave a small but‘notiﬁegligible contribution,

The number of rows and of points in each row were
between 20 and 40. The same procedure was used'fornﬁ'near
to the (101) axis (C(’V£? , see fig. 3).

' In the following we report only the data obtained
in this situation,which gives larger values for E.
Fig. 5, 6 give the values of E as a function of

( &= %/y ) for energies W = 6§ GeV,h4O GeV.
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.7 Thewse figures are similar, -gwd wéinote that:
1) the best value of E siacreases with the energy, while
the angle at which it occursdecreases. '
~Both these features are easily understood because
the distance of the pancake from the origin decreases with
the energy (eq. 12).
2) The, function B (¢, w ) not égoqth; ... the discon-

0 It alessyabive
tinuities¥are connected with the entrance in the allowed

region of new rows of the first plane in the reciprocal
lattices; a row with & certain value n coincides with the

surface of the allowed region when

; 7
19) | x=; w &
the varifble:: ..” used gé in the figures is such that

the discontinuities appear at the same points, to empha-

size the relation in eq. 19).

In the practical use of a crystal, one would have
a given value of &  but a photon beam with a continuous
spectrum of energies,

In figures 7, 8, we give the dependence of E on w
for the best values of & at W = 6 GeV and 40 GeV, ob
tained from the figures 5, 6.

This graphs are rather smooth, the discontinuities
are also’due to the disappearence of one of the rows in
the first plane from the allowed region, and their posi-
tions can be obtained from eq. (19):
figs. 9, 10 and 11, give the best angle and the correspon

/ <
ding values of E and of ‘z‘(fl - 4—,') as a function of W ,
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From the data presented here it is seen that the
use of a crystal as a polarizer starts to be practical at
some GeV, while its use as an analizer (where a smaller
P(x) is acceptable) can be aiready considered for photons
of 1 GeV.

We are grateful to prof. Diambrini, and Drs Bar-
blelllnl, Bologna, Murtas for interesting discussion of
the 1nterference effects in crystals, and to Dr Turrin
and the members of the computer group of the Frascati ILa=-
boratories for their kind assistance in running the pro~

grams on the IBM 1620 computer.
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APPENDIX I.

In this appendix we evaluate the differential cross
o ﬁ‘/ﬂﬁcﬁ, . ’ : .
section 36‘“(/,2, y)}, d 4 for pair production on nucleil
which 1s needed in section 2,
In the case of unpolarized photons this cross sec-
tion was obtained by Jost et a1(7) using a method based
on the unitarity of the S matrix; they obtain:

el : PN 7
- Ji g = ~,,.a’Zr::’ ;’""‘*‘"/w,//; ,fz 4/y//c’m Fﬂf#f//g 7/).,»
A1)
g% 4/9/&1 . y Yy
R P4 4,‘/ G1-8) - 2/3) J-Cn [ v2(8 1y Zrmig s )= .
= Imilys Em ))//
where:
s N ’,/_ 4"’& _ o f’+~i;v
£ kg ’/‘!5///&( 5= T

We also needed M (i?’, ?) defined in eq. 16).

Let us select a particular é; R e ;, orthogonal
to the plane -(_l?, E), and denote by g% the component of

q orthogonal to _1?; one obbtains:

N z
e 74 TG AEwd F1 G
82)  MIEPFY - 2] g 735 2/

-

It is therefore necessary to evaluate the differen
- e
tial cross section for & =& |

We prefer to do so by direct integration of the

Bethe~-Heitler formula (9):

28 w2 (e )‘ A5 5 v
A3) 61, 5) _ X2 H y Cn P TR L
3’;-7? 2jr* / /AV 7/ En & X
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where (I - F)2 1s the screening correction,p + =@+, E+)

are the momenta of the produced electron and positron,

and —_
S e e (22, g (B2 72 a/’“/ﬁé) (5¢) T4
7‘(} A“} * {;’3/@ / Z (R & ﬂ;‘?&’}

A4) i2. 7 2u® {72 k) (2 &)

ﬂa_}nvﬁj TR T ER

The direct execution of the integrai in the labo-

ratory system is however cumbersome because of the com~
plex angular relations between I?, 3, f;;’ D |

It was found desirable to evaluate it in the rest
frame of the produced electrons.

The integration is indeed Tiorentsz invariant, out
X is not because of the appearence of quantities like E+
and W ,

Th‘is difficulty fL‘S met introducing a unit vector

which is purely timelikein the lab. system:

A5) n = (0,0,0,1) ‘ "(in the laby system)

g0 that in a invariant form:

A6) w = - (kn) E, = - (p,n)

Another difficulty is that the first term in X, is
not manifestly gauge 1nvar1ant (it is not equal to Zero
if we substitute 1{ for £ Z )e

It can be however rendered:-gauge- invariant through

Feybinting it ass

(7€) P, c’)7‘a
AT) 4/ - /”/‘” )/,ﬁ % "/”/m')éf;:,t' ! =/,

foy
!
[0
g
®
ot

if we substitute ']T«:;"for.
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| AS) | 41 /”/"’+)‘f*7/‘~)+ in/c‘)/ = 45/’»;7) =

since g is purely spacellke in the lab. system.

" With this modifications it is possible to evaluate
the integral direétly in the rest system of the +two pro-~
duced electrons. The computations are still lenghty butb

very straightforward,

We get:

iE e ‘9‘@, -y FI T
ek, g)  zxziiul e, , )
()}9-_;_-, T e e *49%4’%@&_}3:‘-&/[5-;) +

76 o “he

A9)

52'.4’ & 7 7&, g - . s € &3 ; 4
- S VG 82w ) - o (35 2 g Yomi -7 -
-Gt ('7“*”’{5).72
from which, and eq 2): | ”

W10 MDY T S U nly35) 7 s o

As a check we have obtained independently the re-
sult given by Jost et al(T)ueq. A1).

A physical check of these formulas is the following:
when ;i the velocity of the electrons in the rest system,
tends to zero, the pairrwill be produced in an S state. and
since the pair is produced by two photons {one is a vir-
tual photon exchanged with the nucleus),ln a state with char_
ge conjugation C = + 1, i.e. an S; tate. The palr Wlll
then behave as a single pseudoscalar partlcle. The matrix
element for the photoproductlon of such a partlcle on a
coulomb field is of the form- éfk A ? so that in +this
limit (5P= 0) the cross section must vanish for £ in the

-
k, g, plane, and this requires

I N I IV VA

a relation satisfied by our egs. A1 and A 10.
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APPENDIX II.

We evaluate here the strenght of the points of a
reciprocal lattice for the cases in which the real lat-
tice is face center cubic (F CC) and diamond.

We start from the fact that for a simple cubic
crystal D (8) = 1. The coulomb potential in a crystal can

be written as

] D - e
A12) Vi) = Z vo(e- 5 )

Qﬂpq

A/ :
where b’[}'li‘) is the contribution of the i#h nucleus

in position ;i . It follows:

Y
f

R
iy
-y b‘b

wn Ve vUTIS e

where & is one of the points of the reciprocal lattice
(see eq. (6) ).

An P C C lattice of lattice constant a can be con
sidered as a superposition of a simple cubic lattice plus
three others simple cubic lattices obtained from the first
by translations of «//2 along the diagonals of the three
faces of the basgic cube,

In fig. 12 we show +the basic cubic cglil ;y¥th e
“Ehtreditranslatéons: vectors.,

We can therefore write
A14)

Where the sum is extended over the points at the vertices
of the basic simple cubic lattice.
If we square this and remember that for a simple

cubic lattice D(g) = 1 we obtain (PCC lattice).



: e o -y o
VIO Lk L g f:z.)L

A15) é%) = ;‘a/ e’ 're * £

If we remember that

> eiré Shm Zhn ), A2 _ % @,
5T TSR v e(9,5,7), ek,

it is easy to see that D(g) = 4 if 1, m, n, have the same
parity, D(g) = O otherwise.

The factor % arises because we sum over a simple
cubic lattice which contains only % of the points in the
FCC lattice.

In a similar way we can evaluate D(g) for a diamond
lattice, which consists of two F ¢ C lattices one of which
is obtained by the other by translation through a vector

Zb-/9/:,9 . The result is

\\'&

iz

o e, 2
A16) _)/0 ///!-{f_ * {"’ ﬁ-»éi[ ?;) ///7"8,4 q/
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CAPTIONS TO THE FIGURES

Pig,

Fig.

Flig.

Fig. 4

Fig.

Fig.
Fig,

Fig.

Fig.

13

a0

Relation between the attenuation of an unpolari-

zed beam and the. obtalned polarlzatlon for diffe

,rent values of E,

Position of the allowed region of g in the reci-
procal lattice for K™D (81, W= 1 GeV).

Same as flg. 2, ‘but with Nwﬁ~£ .

Incoherent contribution to the cross section due

to the thermal and zero point motion of the nu~

‘clei.
E as a function of, 9§, w = 6 GeV,
: E as a function of £ , s = 40 GeV.-

°H

Fig.10:
Fig.11: &

Fig.11=

E as a function of W , around w = 6 GeV, in
Cu for of = 3.7 mrad, in 8i for o =5,5 mrad.
E as a function of & , around @« = 40 GeV, in
Cu for ™K =0,46mrad and Si for &X =0,68 mrad.
Variation of the optimum angle with the energy.
E at the best angle as a functlon of the energy.
(AS s” ) at the best angle as a function
of the energy. v »
Basic cell of an P C C lattice.
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